Based on shear-deformable beam theory, free vibration of thin-walled composite Timoshenko beams with arbitrary lay-ups under a constant axial force is presented. This model accounts for all the structural coupling coming from material anisotropy. Governing equations for flexuraltorsional-shearing coupled vibrations are derived from Hamilton's principle. The resulting coupling is referred to as sixfold coupled vibrations. A displacement-based one-dimensional finite element model is developed to solve the problem. Numerical results are obtained for thin-walled composite beams to investigate the effects of shear deformation, axial force, fiber angle, modulus ratio on the natural frequencies, corresponding vibration mode shapes and load-frequency interaction curves.
INTRODUCTION 7
Fiber-reinforced plastics have been used over the past few decades in a variety of structures. Composites have 8 many desirable characteristics, such as high ratio of stiffness and strength to weight, corrosion resistance and mag-9 netic transparency. Thin-walled structural shapes made up of composite materials, which are usually produced by 3 mode shapes as well as load-frequency interaction curves. 
KINEMATICS

49
The theoretical developments presented in this paper require two sets of coordinate systems which are mutually 50 interrelated. The first coordinate system is the orthogonal Cartesian coordinate system (x, y, z) , for which the x and 51 y axes lie in the plane of the cross section and the z axis parallel to the longitudinal axis of the beam. The second 52 coordinate system is the local plate coordinate (n, s, z) as shown in Fig.? ?, wherein the n axis is normal to the middle 53 surface of a plate element, the s axis is tangent to the middle surface and is directed along the contour line of the 54 cross section. The (n, s, z) and (x, y, z) coordinate systems are related through an angle of orientation θ. As defined 55 in Fig.? ? a point P , called the pole, is placed at an arbitrary point x p , y p . A line through P parallel to the z axis is 56 called the pole axis.
57
To derive the analytical model for a thin-walled composite beam, the following assumptions are made: 58 1. The contour of the thin wall does not deform in its own plane. 
These equations apply to the whole contour. For each element of middle surface, the midsurface shear strains in the 67 contour can be expressed with respect to the transverse shear and warping shear strains. 
Further, it is assumed that midsurface shear strain in s − n direction is zero (γ sn = 0). From the definition of the 69 shear strain,γ sz = 0 can also be given for each element of middle surface as 
where Ψ x , Ψ y and Ψ ω represent rotations of the cross section with respect to x, y and ω, respectively, given by 
The displacement components u, v, w representing the deformation of any generic point on the profile section are
77
given with respect to the midsurface displacementsū,v,w by assuming the first order variation of inplane displacements 78 v, w through the thickness of the contour as 
Similarly, using the assumption that the shear strain γ sn should vanish at midsurface, the functionψ s can be obtained
The non-zero strains associated with the small-displacement theory of elasticity are given by
where
The resulting strains can be obtained from Eqs.(??) and (??) as
where ϵ
• z , κ x , κ y , κ ω and κ sz are axial strain, biaxial curvatures in the x and y direction, warping curvature with 87 respect to the shear center, and twisting curvature in the beam, respectively defined as
VARIATIONAL FORMULATION
89
The total potential energy of the system can be stated, in its buckled shape, as
where U is the strain energy 
The variation of strain energy, Eq.(??), can be stated as
where 
The potential of in-plane loads V due to transverse deflection
where σ 0 z is the averaged constant in-plane edge axial stress, defined by σ 
The kinetic energy of the system is given by
where ρ is a density.
101
The variation of the kinetic energy is expressed by substituting the assumed displacement field into Eq.(??) as
In order to derive the equations of motion, Hamilton's principle is used 
All the inertia coefficients in Eq.(??) are given in Ref.
[?].
CONSTITUTIVE EQUATIONS
106
The constitutive equations of a k th orthotropic lamina in the laminate co-ordinate system of section are given by 
110
The constitutive relation for out-of-plane stress and strain is given by
The constitutive equations for bar forces and bar strains are obtained by using Eqs.(??), (??) and (??)
where E ij are stiffnesses of thin-walled composite beams and given in Ref.
[?]. 
EQUATIONS OF MOTION
The natural boundary conditions are of the form
The 7 th denotes the warping restraint boundary condition. When the warping of the cross section is restrained,
118
Ψ ω = 0 and when the warping is not restrained, M ω = 0. 
where n is the number of nodes in an element and Lagrange interpolation function ϕ j for linear, quadratic and cubic 138 elements are available in the literature.
139
Substituting these expressions into the weak statement in Eq.(??), the finite element model of a typical element 140 can be expressed as In Eq.(??), {∆} is the eigenvector of nodal displacements corresponding to an eigenvalue 
161
In order to investigate the effects of axial force, fiber orientation and shear deformation on the natural frequencies and stacking sequences of I-section are shown in Fig.? ?, and the following engineering constants are used
For convenience, the following nondimensional buckling load and natural frequency are used
As a first example, a simply supported composite I-beam is considered. Stacking sequences of the flanges and web
167
are angle-ply laminates [θ/−θ], (Fig. ??a) . For this lay-up, all the coupling stiffnesses are zero, but E 35 and E 38 168 do not vanish due to unsymmetric stacking sequence of the flanges and web. In Table ? angle increases, the coupling effects coming from the material anisotropy become negligible. It can be seen in Table   174 ?? that for all cases of fiber angles, the lowest four natural frequencies by the coupled solution always correspond to diagram with respect to the fiber angle change is illustrated in Fig. ? ?. bucklings occur at P = 2.861 and 5.695. As a result, the lowest two branches vanish when P is slightly over P = 5.695.
202
As the axial force increases, two interaction curves (w 3 − P 3 ) and (w 4 − P 4 ) intersect at P = 9.413, thus, after this 203 value, the phenomenon of mode shifting for mode 3 and 4 can be observed. Finally, the third and fourth branch will 
CONCLUDING REMARKS
221
A analytical model based on shear-deformable beam theory is developed to study free vibration of axially loaded 222 thin-walled composite Timoshenko beams with arbitrary lay-ups. This model is capable of predicting accurately the torsional mode, and fully coupled flexural-torsional-shearing mode are included in the analysis. The shear effects Li, J., Shen, R., Hua, H., and Xianding, J. (2004) Bending-torsional coupled dynamic response of axially loaded composite Table ? ?: Effect of axial force on the first four natural frequencies with respect to the fiber angle change in the 277 flanges and web of a simply supported composite beam.
CAPTIONS OF TABLES 271
278 Table ? ?: Effect of axial force on the first four natural frequencies with respect to the fiber angle change in the ωx 1 with P = 0.5P cr ω θ 1 with P = 0.5P cr
